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The discharge of polydisperse grains in a two-dimensional silo, operating in a continuous-discharge
mode, is studied with the help of soft-particle discrete element simulations. We find that the mass
flow rate displays similar variation with vertical normal stress at the base and the transition-point
in the bulk, signifying that the base normal stress can be considered as a representative of its bulk
counterpart. The variation of the base and transition-point normal stresses with fill height follows
the Janssen’s model, with the former being larger than the latter. The transition-point (yt) is defined
as the vertical extent of Region of Orifice Influence (ROOI), which is situated directly above the
orifice in its neighbourhood. The transition-point occurs largely at the same location irrespective
of the fill height. It shifts, however, upon changing the orifice size, indicating its occurrence to be
a localized phenomenon. Finally, the scaling of the vertical velocities at the transition-point and
outlet uncovers yt to be a more relevant length scale than the orifice size D. This scaling provides
a new insight into the dynamics of the silo discharge in the case where the flow rate varies but the
normal stress stays largely invariant to change in the orifice size.
I. INTRODUCTION
The silo is an important device used for handling gran-
ular materials in various industrial applications. A thor-
ough understanding of granular flow in a silo is crucial for
efficient material processing in many, especially, pharma-
ceutical, food-processing and agricultural industries. In
a draining silo, a granular assembly exhibits three dis-
tinct flow regimes, namely, quasi-static zones near the
corners, rapid flow adjacent to the outlet and the dense
flow region upstream of the rapid flow regime [1]. The
coexistence of these three regimes makes the analysis of
silo discharge process complex.
Granular materials display interesting features in a silo
in both static and dynamic situations. For instance, the
vertical normal stress saturates below a certain depth
in static granular assemblies – a phenomenon popularly
known as the Janssen effect [2–4]. In fact, this property
remarkably differentiates granular matter from liquids,
where pressure increases linearly with the depth [5]. In-
terestingly, the Janssen effect is retained even when the
side walls are put into vertical motion [6]. However, hy-
drostatic behaviour is observed when the walls are vi-
brated horizontally [7].
Many striking characteristics appear when grains are
allowed to fall from an orifice located at the bottom of
a silo. In case of flowing grains, several studies report
the independence of flow rate on the fill height beyond
its critical value [8–12]. A legitimate question, in such
a case, is then to ask whether the flow rate has any
correlation with the normal stress at the silo base or in
the bulk. There is no consensus, however, on this mat-
ter [10, 11, 13, 14]. The experiments of Aguirre et al.
[13, 14] and Perge et al. [11] report no role of normal
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stress, measured at the base, in governing the flow rate.
On the contrary, the experimental investigation of Ahn
et al. [10] presents correlation between the base nor-
mal stress and the flow rate. Aguirre et al. performed
experimental study in a two-dimensional horizontal silo
utilizing a conveyor belt, moving at a constant velocity,
for transporting the disks through an aperture in the silo.
Whereas, the rest of the experiments were conducted in
a vertical silo wherein gravity induces the granular flow.
Here, the terms horizontal silo and vertical silo are used
in the context of denoting net granular flow normal and
parallel to gravity, respectively, in the silo.
All these experiments estimated normal stress on the
silo base so as to explore its influence on the mass flow
rate as the stress measurements are relatively easy to
perform at the base rather than in the bulk. However,
it is not clear if the base normal stress is directly related
to the flow rate as the silo discharge must be driven by
stresses acting in the bulk. Thus, a question that nat-
urally arises is whether the normal stress measured at
the base is a representative of the normal stress occur-
ring directly above the orifice in the bulk. In the present
study, we aim to explore this aspect by means of simula-
tions utilizing the discrete element method (DEM) [15].
In DEM, one has complete access to kinematic and dy-
namic information of all particles at a given time, thereby
facilitating in estimating the stresses at the base and in
the bulk. Importantly, we also study the association be-
tween the mass flow rate and the base and bulk normal
stresses by varying the initial fill height at a fixed orifice
size, and vice versa. We finally explore velocity scaling
to gain more insight into the granular discharge for the
case wherein the orifice size is varied at a constant fill
height.
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II. COMPUTATIONAL DETAILS
We consider a two-dimensional vertical silo as shown
in Fig. 1. The silo operates in the continuous discharge
mode in which the exited grains are reinserted into the
system at random horizontal locations above the top
layer with zero velocity, thus maintaining the fill height
largely to its initial value. Moreover, a steady state is
achieved for longer duration providing a large statistics
for averaging. The grains are modelled as deformable
cohesionless disks of mean diameter d with a polydisper-
sity of ±10% so as to avoid crystallization in the system
and its possible consequences on the flow [16]. The in-
teraction between the grains is modelled through linear
spring-dashpot force scheme, considering the grains to be
dissipative, with an impact velocity-independent resti-
tution coefficient [15, 17–19]. The friction during con-
tact between the grains is incorporated by employing the
Coulomb friction criterion [19]. The same force scheme
is employed for interaction between the walls and grains;
the details of the force model are provided elsewhere in
Bhateja et al. [20]. The present simulations are carried
out with the normal stiffness coefficient kn = 10
6mg/d,
whereas spring is not considered for tangential direction,
i.e., kt = 0 and m and g denote the average mass of a
grain and gravitational acceleration, respectively. The
restitution and friction coefficients between the contact-
ing grains are set at ep = 0.9 and µp = 0.4, respectively.
The same values are used for wall-grain interactions, i.e.,
ew = 0.9 and µw = 0.4. The equations of motion are
integrated by utilizing the velocity-Verlet algorithm with
integration time step δt = 10−4
√
d/g.
The initial fill height H of the grains is varied between
50d and 350d in steps of 50d. Hereafter, the ‘initial fill
height’ and ‘fill height’ have the same meaning and will
be used interchangeably. The orifice size D is also varied
between 9d and 14d in increments of 1d. The size D is
taken to be larger than 6d so as to avoid jamming due
to the formation of a stable arch across the orifice [21–
23]. The silo width W is set at 40d, ensuring no effect of
the side-walls on the flow adjacent to the outlet for the
chosen range of D, i.e., W > 2.5D [1, 8]. The number
of particles, N , used corresponding to fill height H are
given in the format [H : N ] as follows: [50d : 2150];
[100d : 4300]; [150d : 6505]; [200d : 8700]; [250d : 10920];
[300d : 13160]; and [350d : 15345].
The data presented in this study are recorded after
achieving the steady state and averaged over 50 simula-
tion runs, each beginning with a new initial configuration.
The averaging scheme employs coarse-graining technique
[24–26], utilizing a Heaviside step function with coarse-
grained width w equal to mean particle diameter d. It
has been confirmed that the quantities of interest such as
velocity, stress and packing fraction do not change upon
varying w between 1d− 5d. The stress tensor at a point
is computed by summing the stress contribution due to
collisions and streaming of grains [24, 27]. All quanti-
ties of interest are made non-dimensional with the mean
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FIG. 1. A simulation snapshot of granular discharge in a two-
dimensional silo for initial fill height H = 50d; the fill heights
up to seven times of it are considered in this study as men-
tioned in the text. Coordinate axes and direction of gravita-
tional acceleration g are indicated appropriately. Grains are
reinserted into the system in the shaded region as displayed
on the top.
diameter d, density ρ and gravitational acceleration g.
III. RESULTS AND DISCUSSION
We now present the results obtained from discrete el-
ement computations. We obtain qualitatively similar re-
sults for all fill heights and orifice sizes. Accordingly, our
subsequent discussion is based on H = 250d and D = 14d
for the sake of simplicity, unless mentioned explicitly.
As mentioned in the Introduction, we intend to com-
pare normal stress at the base with that of in the bulk.
But, the question now is about choosing an appropriate
representative point in the bulk to do so. To this end, we
resort to the velocity profile, which we discuss next.
A. Transition-point
The spatial distribution of vertical velocity vy =
|vy|/(gd)1/2 is examined in Fig. 2(a), where, | · | denotes
the absolute value. For clarity, the distribution is dis-
played for a small domain up to a height of 60d from
the base. The velocity distribution is symmetric about
the central axis, as expected. The velocities are larger in
the region broadly located upstream of the orifice in its
vicinity and lowest adjacent to the base and side walls.
The velocity is largely constant in the rest of the domain.
These observations are consistent with the earlier inves-
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FIG. 2. (a) Spatial distribution of vertical velocity vy. The rectangular region between the dashed lines, labelled as central
domain, is the area located directly above the orifice. (b) Variation of vy with y/d for different horizontal (xR) locations
schematically indicated in the inset. The data are considered for H = 250d and D = 14d, while shown for clarity for a small
domain lying between the base (y = 0) and y = 60d.
tigtations, e.g., Staron et al. [12, 28].
This can be further illustrated in Fig. 2(b), which dis-
plays the variation of vy with y/d for three horizontal
(xR) locations lying within the central domain as indi-
cated in the inset of Fig. 2(b). The horizontal locations
are chosen on right side of the central axis as a simi-
lar trend is obtained at equidistant locations on its left
side due to geometrical symmetry. Velocity profile ex-
hibits two features that are common to all xR, i.e., vy
varies closer to the orifice and becomes constant while
climbing up further. We call latter the constant-regime
and former the gradient-regime (see Fig. 2(b)). The ve-
locity is largely the same in the constant-regime for all
xR. These findings indicate that the side walls and base
do not affect the kinematics of flow at distant horizon-
tal and vertical locations, respectively, thereby justifying
the choice of employing width W = 40d for the given D
range as mentioned in Sec. II.
In order to further highlight the flow conditions near
the orifice, we present in Figs. 3(a) and 3(b), respectively,
the spatial distributions of inertial number I = γ˙d/
√
P/ρ
[29] and shear rate γ˙ = γ˙
√
d/g. Here, P is the pressure
given by the trace of stress tensor σ and γ˙ = (2G : G)1/2
with G = 1/2(∇v+ (∇v)T ) being the symmetric part of
the traceless velocity gradient tensor ∇v. In Fig. 3(a),
the colors (red, blue, and green) are chosen according to
the values of the inertial number in the given ranges spec-
ified on the corresponding color. Accordingly, two flow
regimes, dense and collisional (or rapid), corresponding
to the range of inertial number given by da Cruz et al.
[30], are indicated on the plot. A few points (less than
1%) shown on the top correspond to I < 10−3, denot-
ing the quasi-static flow regime [30]. Further, it is ev-
ident from Fig. 3(b) that γ˙ varies significantly in prox-
imity to the outlet indicating the existence of the rapid
flow, thereby corroborating well with velocity and inertial
number in Figs. 2(a) and 3(a), respectively.
We now label the region wherein the effect of the
orifice is predominant as Region of Orifice Influence
(ROOI), spreading largely within the central domain (see
Fig. 2(a)). In fact, the gradient-regime in the central do-
main is ROOI. The vertical extent of ROOI from the
orifice is basically the interface of the constant-regime
and gradient-regime. We formally designate the location
of this interface from the orifice as transition-point (yt),
which is considered to be a representative point in the
bulk for normal stress comparison. The significance of yt
will become evident in Sec. III E, where it will be shown
to be a relevant length scale in comparison to orifice size
D. It is important to remark that the term ‘transition-
point’ is not used here in the context of phase transi-
tion [31]. It signifies only the passage of grains from the
constant-regime to ROOI. The criterion to locate yt is
set according to the vertical gradient of the vertical ve-
locity, i.e., vy,y = dvy/dy =
√
d/g (dvy/dy). Figure 3(c)
presents the variation of vy,y with y/d for all xR. The ear-
lier observations of constant-regime and gradient-regime
in Fig. 2(b) corroborate well with Fig. 3(c). Large values
of vy,y occur adjacent to the orifice, while it approaches
close to zero in the constant-regime.
We mark the transition-point at a given x/d below
which vy,y is larger than the critical velocity gradient
vcry,y. Figure 4 displays variation of yt/d in the central
domain with horizontal distance x/d, measured from the
central axis, for vcry,y = 0.01. We find that yt/d does
not shift appreciably across the central domain, except
within 1d of its boundary. In other words, the variation
in the transition-point is essentially insignificant in the
interior of the central domain. It is worth mentioning
that another definition of vcry,y gives qualitatively simi-
lar results, however, the transition-point shifts upwards
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FIG. 3. (a) Spatial distribution of inertial number I. The color scheme as per the range of inertial number is as follows. Red:
I > 0.1; Blue: I = (10−3, 0.1]; Green: I < 10−3. (b) Spatial distribution of shear rate γ˙. The color scale is provided on its
right side. (c) Variation of the vertical gradient of the velocity velocity dvy/dy for different xR for the vertical range located
between the base and y = 60d. The data are considered for H = 250d and D = 14d.
for lower vcry,y. For instance, on xR = 0, yt ≈ 30d and
23d for vcry,y = 0.001 and 0.01, respectively, as indicated
in Fig. 3(c). But, we note by manual inspection that
vcry,y = 0.01 is a reasonable choice providing us the loca-
tion closer to the changeover from the constant-regime to
ROOI. Whereas, the location indicated for vcry,y = 0.001
in Fig. 3(c) resides in the constant-regime. Therefore,
in all what follows, we compute the transition-point for
vcry,y = 0.01.
-6 -4 -2 0 2 4 6
0
5
10
15
20
25
Horizontal distance, x/d
Tr
an
si
ti
o
n-
p
o
in
t,
 y
t /
d
FIG. 4. Variation of the transition-point yt/d in the cen-
tral domain with horizontal distance x/d, measured from the
central axis, for vcry,y = 0.01. The data are considered for
H = 250d and D = 14d.
B. Normal stress comparison
We now compare the horizontal profiles of vertical
normal stress σyy = σyy/ρgd at the transition-point
and base. Henceforth, we use the terms ‘vertical nor-
mal stress’ and ‘normal stress’ interchangeably. The
transition-point is y0t ≈ 23d and the superscript ‘0’ de-
notes the quantities estimated on the central axis. The
normal stress at the base is estimated by computing the
force exerted by the particles on it. Figure 5 compares
horizontal profiles of σyy measured at y = 23d and the
base. The vertical normal stress at the transition-point
varies weakly across the central domain, which correlates
well with the observations of Fig. 4 where transition-point
does not change significantly. It shows a slow rise while
moving towards the side-walls. Similarly, at the base,
σyy gently increases and becomes roughly constant in
a small region while approaching the side-walls, barring
the sharp peaks and fluctuations occurring adjacent to
the orifice corners and the walls, respectively. The oc-
currence of dip and peak in the base normal stress near
the side walls is similar to what is observed in the exper-
iments of Perge et al. (2012). Nevertheless, there is a
clear difference between σyy at the transition-point and
the base.
One important notion that appeared in the discussion
till now is occurrence of the transition-point denoting
the vertical extent of ROOI. The emergence of ROOI
seems similar to the picture of free-fall arch, enveloping
the orifice, wherein the grains fall freely under gravity
and σyy is assumed to vanish on its boundary [8, 32].
However, the existence of the free-fall arch is questioned
in a recent investigation in view of the absence of zero
normal stress in the silo [33]. The present study also
finds that σyy does not vanish anywhere, even close to the
outlet, thus agreeing with the findings of Rubio-Largo et
al. [33].
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FIG. 5. Comparison between σyy computed at the transition-
point y = 23d and at the base. The data are given for H =
250d and D = 14d.
C. Transition-point: Initial fill height
In this section, we examine how the transition-point
varies with the fill height. The results are discussed for
D = 14d for the sake of simplicity; we obtain similar out-
comes for other orifice sizes as well. Figure 6(a) displays
horizontal variation of the transition-point yt/d for differ-
ent fill heights. We note that yt/d is nearly independent
of the fill height. This observation signifies that the fill
height does not affect the extent of ROOI, the occurrence
of which is a localized phenomenon in the vicinity of the
outlet; we show later, however, that the transition-point
is indeed sensitive to the orifice dimension. Moreover,
yt/d also does not vary appreciably in the central do-
main, except near its boundary, as observed earlier in
Fig. 4. Accordingly, hereafter, we compute normal stress
at the transition-point on the central axis, y0t , without
loss of generality.
We have discussed earlier in Sec. III B that the verti-
cal normal stress at the base σbyy differs with the nor-
mal stress at the transition-point σt0yy, where the super-
scripts ‘b’ and ‘t0’ denote that the stress is evaluated
at the silo base and the transition-point on the central
axis y0t , respectively. Figure 6(b) reports variation of
σt0yy, mean base normal stress, and σ
b
yy for three differ-
ent horizontal locations with the fill height. The mean
base normal stress is computed by averaging σbyy over
the base, excluding the region located within 3d of the
orifice corners and side walls. As Fig. 6(b) shows, the
normal stress at the base displays similar behaviour as
what it does at y0t , i.e., it rises with increasing the fill
height and tend to saturate as the height increases fur-
ther. However, σbyy is consistently larger than σ
t0
yy for all
fill heights. There could be several factors contributing
to the increased stress at the base [34, 35]. One such
factor, for instance, is the initial filling procedure, which
is recently reported in the experimental investigation of
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FIG. 6. (a) Horizontal variation of the transition-point yt/d
for different fill heights in central domain. Error bars are
not shown for clarity. (b) Variation of σbyy for three different
horizontal (x) locations (open symbols) and σt0yy (filled circles)
with fill height H/d. The horizontal locations are given with
reference to the orifice corner (xc = 7d). In addition, variation
of mean base normal stress with H/d is also shown. Solid lines
are fits of Eq. (1). The data are plotted for D = 14d.
Peralta et al. [34] employing the batch-discharge mode,
i.e., discharge occurs till the silo empties. However, our
system differs from their experiments as our silo operates
in the continuous-discharge mode, which eliminates the
possibility of the influence of initial preparation. On the
other hand, the continuous-discharge mode seems similar
to the distributed filling protocol of Peralta et al. [34] in
light of the pouring of the exited grains on the top layer,
as mentioned in Sec. II. However, we obtain saturation
of the mass flow rate and vertical normal stress with in-
creasing fill height, contrasting Peralta et al. [34] wherein
the apparent mass, measured at the base, does not show
saturation with fill height for the distributed filling. Our
observation of the saturation of the normal stress and
mass flow rate is, nevertheless, similar to what they re-
ported for the concentric filling procedure. Therefore, in
light of the above, it appears that the characteristics of
vi
both filling protocols, besides the role of force networks
observed in the static silo [35], are likely to be responsible
for the increased stress at the base. This requires a sepa-
rate detailed investigation, which is beyond the scope of
the current work.
The variation of the base and transition-point normal
stresses with fill height is similar to the Janssen effect ob-
served in static granular assemblies [2]. Accordingly, the
vertical normal stress in a draining silo may be expressed
in terms of the fill height and silo width as [2, 34]
σyy =
γW
2dµwK
(
1− e−2µwKH/W
)
, (1)
where γ = γ/ρg with γ being the specific weight and
K is the ratio of horizontal to vertical normal stresses.
In order to estimate K, we consider height to be equal
to H − y0t and H while fitting the data to Eq. (1) at
the transition-point and base, respectively. Solid lines
in Fig. 6(b) are fits of Eq. (1). An excellent fit is ob-
tained for normal stress at the transition-point as well
as at the base. Further, it is worth noting that Eq. (1)
fits well to the base normal stress at different locations
as well as to its average value. We checked that the fit-
ting parameter K does not vary significantly neither at
the transition-point in the interior of the central domain,
nor at the base excluding the locations situated within 3d
of the orifice corners and side walls. The mean values of
K at the transition-point and the base are 0.62±0.02 and
0.57 ± 0.01, respectively. The lower K at the base indi-
cates decrease in the horizontal redirection of the vertical
stresses.
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FIG. 7. Variation of the mass flow rate with the normal stress
at the transition-point y0t and the mean base normal stress.
The data are plotted for D = 14d.
We note in Fig. 6(b) that the mean base normal stress
is almost equal to the stress in the region located a few
particle diameter away from the orifice corners and side
walls. Therefore, hereafter, we consider the mean base
normal stress while comparing it with the transition-
point normal stress. The variation of mass flow rate
mf = mf/(ρg
1/2d3/2) with σyy at y
0
t and the mean base
normal stress is displayed in Fig. 7. The mass flow rate
rises as the normal stress increases for both cases, and
stays largely unaffected at higher σyy corresponding to
large fill heights. Note that the mass flow rate also dis-
plays similar trend with the base normal stress at dif-
ferent horizontal locations, given the similarity of their
profiles with fill height in Fig. 6(b). The similarity be-
tween the curves displaying the variation of the mass flow
rate with the base and transition-point normal stresses
signifies that the base normal stress, which is typically
measured in experiments due to ease, can be utilized as a
representative of the bulk normal stress. The existence of
this similarity, in fact, justifies measuring the base nor-
mal stress in earlier experiments and relating it to the
flow rate.
D. Transition-point: Orifice size
A commonly used expression relating mf to D was
proposed by Beverloo and co-workers (1961), which may
be written for a two-dimensional silo as [8]
mf = C ρb g
1/2 (D − kd)3/2, (2)
where ρb = ρ φ0 is the initial bulk density with φ0 ≈ 0.84
being the initial packing fraction of the system before
discharge, and C and k are fitting parameters. Equation
(2) may be expressed in the dimensionless form as
mf = C
′
φ0 (D/d− k)3/2. (3)
Figure 8(a) shows the variation of mf with D/d for
three different fill heights. Expectedly, mf rises with
D/d as more material flows out as the opening widens.
The flow rate is observed to follow the Beverloo scaling
(Eq. 3). The fitting parameters are estimated for each
fill height, and their variation is shown in the insets of
Fig. 8(a). Surprisingly, k decreases monotonically with
H/d, whereas C ′ exhibits a non-monotonic variation and
becomes roughly constant at large fill heights.
A weak variation of the fitting parameters with fill
height is also noticed by Staron et al. [12] in their compu-
tational continuum analysis of two-dimensional silo dis-
charge. In our case, the variation in these parameters
is rather significant which may be attributed to the dis-
crete nature of the system under examination. Typically,
k is greater than one for discrete systems [8, 36]. How-
ever, it presently goes below unity, which is, perhaps,
because of the polydisperse grains. Further, the asymp-
totic value of C ′ ≈ 1.46 matches quite well with what is
obtained, 1.4 and 1.48, by Staron et al. [12] and Staron
et al. [28] in their continuum simulations, respectively.
However, our C ′ differs with the value, 1.22, as reported
by Staron et al. [28] for the discrete system. This dis-
parity is because Staron et al. [28] do not employ bulk
density in their flow rate expression. We get, in fact,
asymptotic value of C ′ ≈ 1.23 by not considering the
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bulk density. In passing, we draw attention to the fact
that the Beverloo correlation (Eq. 3) describes well the
variation of mass flow rate with orifice size without tak-
ing normal stress into account. However, as Fig. 7 shows,
the mass flow rate varies with the normal stress. This
finding along with the variation of the fitting parameters
with fill height indicate inclusion of fill height as well in
the mass flow rate expression, which we believe should,
perhaps, come through normal stress. A promise in this
direction is evident from a recent work of Madrid et al.
[37] wherein they report a differential equation relating
the mass flow rate to the pressure (trace of the stress
tensor) by considering the energy balance along with the
constitutive relation of µ-I rheology [38].
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FIG. 8. (a) Variation of mf with D/d for three different fill
heights. Similar behaviour is obtained for other fill heights,
which are not shown for simplicity. Solid lines are fits of
Eq. (3). Insets: Dependence of k and C′ on H/d. (b) Vari-
ation of the transition-point yt/d for different orifice sizes for
H = 250d. For clarity, the error bars are shown correspond-
ing to their maximum and minimum values for each D in the
interior of the central domain.
We now examine how the transition-point behaves
when the orifice size changes. The results are discussed
here for H = 250d as other fill heights exhibit similar out-
comes. Figure 8(b) plots the horizontal profiles of yt/d
for different orifice sizes in the central domain. Again, the
variation in yt/d is minimal across the central domain,
except near its boundary, for all sizes. Importantly, the
transition-point rises with increasing D/d, demonstrat-
ing that the vertical extent of ROOI depends upon the
orifice dimension. We also note that the span of ROOI is
larger than the size of the orifice as yt/d is greater than
D/d for all cases.
Figure 9 displays the variation of the transition-point
stress σt0yy, mean base normal stress and mass flow rate
with D/d. We see that both σt0yy and mean base normal
stress remain roughly constant as the orifice size changes.
Note that the mean base normal stress is largely invariant
to change in D/d for other fill heights as well, except
for H = 50d (not shown for brevity) where it exhibits a
slight increase with orifice size. Specifically, the variation
is about 10% over a nearly 55% change in the orifice
size. The finding of constant normal stress is similar
to the observation of the independence of the trace of
contact stress tensor on orifice size as reported by Rubio-
Largo et al. [33]. Further, as Fig. 9 shows, mf grows
with increasing D/d. The rise in mf with D/d, thereby,
indicates no relationship between mf with σ
t0
yy and σ
b
yy
(see Fig. 9), which is in contrast to what is displayed in
Fig. 7 wherein mf relates very well to σ
t0
yy and mean base
normal stress.
We now consolidate the above findings by noting that,
at a fixed H/d, the transition-point yt/d and mf vary
with D/d whereas the normal stress remains largely con-
stant. The variation of the transition-point indicates
changes occurring at the kinematic level. Obviously, the
rise in mf with D/d implies increase in the outlet veloc-
ity as well. In light of the rise in outlet velocity along
with increase in yt/d, a question which arises naturally
is how the outlet velocity relates to the velocity at the
transition-point. We next examine velocity scaling to
explore this which will provide further insight into the
dynamics of silo discharge in the case of varying D/d
keeping fill height the same.
E. Velocity scaling
The existence of ROOI in silo discharge provides an-
other length scale yt besides the orifice size D. There-
fore, we now explore the scaling of vertical velocity at the
transition-point vty with
√
gyt and
√
gD at the fixed fill
height H = 250d. Henceforth, we consider absolute value
of the vertical velocity. Figure 10(a) shows horizontal
profiles of transition-point velocity vty = v
t
y/(gd)
1/2 for
different orifice sizes in the central domain. The velocity
vty increases with D, however, it remains constant at a
given D in the interior of the central domain. We ob-
serve in Figs. 10(b) and (c), respectively, that vty scales
with neither
√
gD nor
√
gyt. This is not surprising as
the occurrence of largely the same stress conditions for
all orifice sizes, respectively, at different yt and the outlet
indicates that vty should relate to yt and the velocity at
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the outlet voy. The horizontal profiles of v
o
y = v
o
y/(gd)
1/2
for different D are displayed in Fig. 10(d). Expectedly,
voy increases as D grows. Next, v
o
y scales with
√
gD as
shown in Fig. 10(e), in striking agreement with the ear-
lier reported investigations [33, 39]. However, its scaling
with
√
gyt presented in Fig. 10(f) is weak and not promi-
nent as what is noticed with
√
gD (cf. Fig. 10(e)). This
indicates that the grains do not fall freely under grav-
ity in ROOI, otherwise, voy should have scaled with
√
gyt
according to purely kinematic arguments.
We next examine the scaling of relative velocity ∆vy =
voy−vty with both
√
gD and
√
gyt. In Fig. 11(a), the rela-
tive velocity ∆vy does not scale with
√
gD in the middle
of the central domain where the difference in voy for suc-
cessive D is larger (cf. Fig. 10(d)). However, ∆vy scales
very well with
√
gyt as compared to
√
gD, signifying that
yt is a more relevant length scale for describing the kine-
matics of granular flow in ROOI. It is important to em-
phasize that the collapse is, nevertheless, non-trivial in
light of the dissimilar shapes of velocity profiles at the
transition-point and outlet (cf. Figs. 10(a) and (d)).
IV. CONCLUSIONS
We show in this work that the vertical normal stress
at the base σbyy and the transition-point in the bulk σ
t0
yy
vary with fill height H/d in accordance with the Janssen
law [2], and σbyy is higher than σ
t0
yy. We find that the
mass flow rate exhibits similar variation with both base
and transition-point normal stresses. This similarity, im-
portantly, suggests that the base normal stress can be
employed as a representative of the bulk normal stress,
as the former is typically estimated in experiments due
to its ease in measurement. The transition-point yt/d
is given by the vertical extent of ROOI from the ori-
fice, which remains largely unaltered by varying H/d.
It, nevertheless, shifts vertically while changing the ori-
fice size D/d, suggesting its occurrence to be a localized
phenomenon indifferent to overburden. Moreover, yt/d
remains roughly invariant in the interior of the central
domain, the region located directly above the orifice.
In the case of changing D/d at a fixed H/d, the verti-
cal normal stress remains largely constant while the mass
flow rate and yt/d vary. The physical insight into the dy-
namics of silo discharge in this context is gained by ex-
amining the scaling of velocities at the transition-point
vty and outlet v
o
y, considering yt and D being the length
scales. The exit velocity voy scales with
√
gD, in agree-
ment with previous investigations [33, 39], whereas its
scaling with
√
gyt is weak. On the other side, v
t
y does
not scale with either
√
gyt or
√
gD. The relative ve-
locity ∆vy = v
o
y − vty provides a way, which scales very
well with
√
gyt, but not with
√
gD, thereby uncovering
the transition-point yt to be a more relevant length scale
than D in describing the kinematics of granular flow in
the neighbourhood of the orifice.
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